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We show how angular momentum conservation can stabilise a symmetry-protected quasi-
topological phase of matter supporting Majorana quasi-particles as edge modes in one-dimensional
cold atom gases. We investigate a number-conserving four-species Hubbard model in the presence
of spin-orbit coupling. The latter reduces the global spin symmetry to an angular momentum
parity symmetry, which provides an extremely robust protection mechanism that does not rely on
any coupling to additional reservoirs. The emergence of Majorana edge modes is elucidated us-
ing field theory techniques, and corroborated by density-matrix-renormalization-group simulations.
Our results pave the way toward the observation of Majorana edge modes with alkaline-earth-like
fermions in optical lattices, where all basic ingredients for our recipe - spin-orbit coupling and strong
inter-orbital interactions - have been experimentally realized over the last two years.
PACS numbers: 37.10.Jk, 05.10.Cc, 71.10.Pm
Introduction. – The past two decades have witnessed
an impressive progress in understanding how to harness
quantum systems supporting topological order, one of the
ultimate goals being the observation of quasi-particles
with non-Abelian statistics – non-Abelian anyons [1–5].
A pivotal role in this search has been the formulation
of a model for one-dimensional (1D) p-wave supercon-
ductors [6], that supports a symmetry-protected topo-
logical phase with Majorana quasi-particles (MQPs) as
edge modes. The key element for the stability of such
edge modes is the presence of a Z2 parity symmetry. At
the mean-field level, this can be realized via proximity-
induced superconductivity in solid-state settings [7–12],
or via coupling to molecular Bose-Einsten condensates
in cold atoms [13]. Remarkably, it is possible to stabilize
MQPs even taking fully into account quantum fluctu-
ations by considering canonical settings [14–18], where
the parity symmetry emerges via, e.g., engineered pair-
tunneling between pairs of wires [19–21]. However, it
is an open challenge to understand whether, in these
number-conserving setups, there exist fundamental mi-
croscopic symmetries that can serve as a pristine mech-
anism for the realization of MQPs, that is genuinely dis-
tinct from reservoir-induced superconductivity.
Here, we show how angular momentum conservation
enables the realization of a symmetry-protected quasi-
topological phase supporting MQPs in one-dimensional
number-conserving systems [22]. In particular, we show
how a combination of spin-exchange interactions and
crossed spin-orbit couplings in orbital Hubbard models
(see Fig. 1a-b) naturally gives rise to a Z2 spin symmetry.
This symmetry serves as the enabling tool to realize
Figure 1. Schematics of the orbital Hubbard model in the
presence of spin-orbit coupling as realized with alkaline-earth-
like atoms. a-b) The model we consider in Eq. (1) describes
tunneling (Ht), spin-orbit-coupling (Hso), and spin-exchange
processes (HW ). In cold atom settings, the spin degree of
freedom is represented by different Zeeman states with nuc-
lear spin mF ,mF + 1, while the orbital degree of freedom is
encoded in different electronic states, 1S0 and 3P0. In these
systems, HW and Hso are described by the grey and red ar-
rows, respectively. c) In the quasi-topological phase of the
model, the entanglement spectrum displays a characteristic
two-fold degeneracy: eigenvalues of the reduced density mat-
rix with the same number of particles come in pairs with
opposite parities (see text).
MQPs, and, as we discuss below, its robustness is guaran-
teed by the fact that all terms breaking it are not present
in the microscopic dynamics, as they would violate angu-
lar momentum conservation. Remarkably, these models
find direct and natural realization using Alkaline-earth-
like atoms (AEAs) in optical lattices [23–31]: in these set-
tings, both spin-exchange interactions [32, 33] and spin-
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2orbit couplings [34–36] have already been demonstrated,
providing an ideal setting to realize MQPs using state-
of-the-art experimental platforms within the paradigm
described in the present work.
Model Hamiltonian. - Our starting point is a one-
dimensional Hubbard model describing four fermionic
species, with annihilation operators cj,α,p, with j ∈ [1, L]
a site index, L the length of the system, α ∈ [↑, ↓]
describing a pseudo-spin encoded in a pair of Zeeman
states mF ,mF + 1 (depicted in Fig. 1a-b as arrows), and
p ∈ [−1, 1] describing orbital degrees of freedom, encoded
in the electronic state ground (1S0, blue) and meta-stable
(3P0, orange) states. The system Hamiltonian reads:
H =
∑
j
(Ht,j +HU,j +HW,j +Hso,j); (1)
(in the following we also use the notationHx =
∑
j Hx,j).
The first two terms represents tunneling along the wire,
Ht,j = −
∑
α,p t(c
†
j,α,pcj+1,α,p +h.c.), and diagonal inter-
actions, HU,j =
∑
p Upnj,↑,pnj,↓,p +U
∑
α,β nj,α,−1nj,β,1.
The third term, visualized by grey arrows in Fig. 1, de-
scribes spin-exchange interactions [37]:
HW,j = W (c
†
j,↑,−1c
†
j,↓,1cj,↓,−1cj,↑,1 + h.c.). (2)
The last term describes a generalized spin-orbit coupling:
Hso,j =
∑
p
{
(αR + b)c
†
j,↑,pcj+1,↓,−p+
+ (b− αR)c†j+1,↑,pcj,↓,−p + h.c.
}
, (3)
where αR denotes the Rashba velocity, and the b term
may be seen as momentum-dependent Zeeman field [38–
40].
In microscopic implementations, the last two terms in
H are embodied by strong inter-orbital spin-exchange in-
teractions (grey arrows) [32, 33], and by the possibility
of engineering crossed spin-orbit couplings (red arrows)
via clock lasers [34–36]. The combination of these two
ingredients breaks explicitly the global spin-symmetry
from SU(2) × SU(2) down to Z2 – namely, the num-
ber of states in each pair of states coupled by spin-
orbit coupling is conserved modulo 2, due to the pres-
ence of the spin-exchange interactions. Indeed, while
for αR = b = 0 the Hamiltonian has a SU(2) × SU(2)
spin symmetry [23, 24], for generic values of αR, b 6= 0,
the spin symmetry is reduced to Z2, whose correspond-
ent conserved charge is the mutual parity between the
two subsets [(↑, 1), (↓,−1)] and [(↑,−1), (↓, 1)] connec-
ted by the spin exchange interaction HW , i.e., Pm =
mod 2[(
∑
j(nj,↑,1 + nj,↓,−1) − (nj,↑,−1 + nj,↓,1))/2]. The
robustness of this emergent parity symmetry stems from
from angular momentum conservation: this symmetry
may only be broken in the presence of terms such as,
e.g., c†j↑,−1cj,↑,1, which generate a quantum of electronic
angular momentum while preserving nuclear spin. The
mechanism of establishing a Z2 symmetry is reminiscent
of pair hopping of coupled wires [21], although here it
emerges naturally, and thus it is experimentally access-
ible in a physical setting.
This symmetry is the building tool for the realization
of a symmetry-protected quasi-topological phase whose
spin sector has the same universal properties of Kitaev’s
model – in particular, it hosts MQPs as edge modes. In
the following, we discuss the emergence of such phase
using a combination of analytical methods and density-
matrix-renormalization-group [41, 42] (DMRG) simula-
tions (see Fig. 1c for typical entanglement spectrum res-
ults, as in the Kitaev model). We further elucidate the
anyon nature of the edge modes by showing how, upon
addition of additional four-body interactions, Eq. (1) can
be adiabatically connected to a model with exactly sol-
uble ground state properties [19, 20], where braiding stat-
istics was recently proved [20].
Low-energy field theory. – In order to underpin the
existence of a quasi-topological phase supporting MQPs
as edge modes, we rely on a field theory based on bo-
sonization [43, 44]. Within this framework, the essential
point is to identify a sector in the low-energy field the-
ory which displays the same physics of Kitaev’s chain.
Here, we outline the main steps of our treatment (see
Ref. [47] for a detailed treatment). Following conven-
tional bosonization [43, 44], we start by replacing each
fermionic mode with a pair of right and left-movers,
cj,α,p = ψα,p;R(ja) + ψα,p;L(ja), which are given by:
ψα,p;r(x) =
ηα,p;r√
2pia
eiϑα,p
∑
q
eirqkF,α,pxe−iqrϕα,p (4)
with r = (−1, 1) for L/R, and ϕα,p and ϑα,p being con-
jugated bosonic operators describing density and phase
fluctuations, respectively (a is the lattice spacing). ηα,p;r
are Klein factors, ensuring fermionic commutation rela-
tions.
The low-energy Hamiltonian can then be recast into
four (three spin, one charge) sectors. The dynamics in
these sectors can be understood after applying two ca-
nonical transformations: the first one introduces the bo-
sonic fields ϕf,S/A = (ϕ↑,f ± ϕ↓,f )/
√
2 (and similarly for
ϑf,S/A), with f = ±1. These bosonic fields describe the
behavior of each pair of states coupled by Hso: in par-
ticular, ϑ1,S/A and ϑ−1,S/A describe the {c↑,1, c↓,−1} and
{c↑,−1, c↓,1} pair, respectively. The second transforma-
tion considers combinations of these fields in the form:
ϕf,I =
κϕf,S + ϑf,A√
2κ
, ϕf,II =
κϕf,S − ϑf,A√
2κ
, (5)
where κ denotes the first harmonic commensurate with
the spin-orbit term, and is a function of kF . After this
mapping, one is left with a gapless charge sector, de-
scribed by the fields ϑρ =
ϑ1,II+ϑ−1,II√
2
, two gapped spin
sectors which play no major role in the dynamics, and a
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Figure 2. DMRG analysis of the topological properties of
the ground state for modelH, at fixed parity, with parameters
W = −8, αR = b = 4, U = 0, at distinct fillings n = 1/4 and
n = 1/6. (a) Algebraic scaling of the gap computed at fixed
parity, compatible with∼ L−1. (b) Exponential scaling of the
gap between the distinct parity sectors. (c-d) Single particle
correlations G(j, `) = 〈c†j,↑,1c`,↑,1〉 at the bulk (c) and at the
edges (d), for a system with L = 48 sites.
third spin sector, described by the field ϑσ =
ϑ1,II−ϑ−1,II√
2
,
and a Hamiltonian:
Hσ =
vσ
2
∫
dx
[
(∂xϕσ)
2
Kσ
+Kσ(∂xϑσ)
2
]
+
+W
∫
dx cos[
√
8piϑσ] (6)
with W ∝ W , and vσ,Kσ the sound velocity and Lut-
tinger parameter, respectively. This Hamiltonian de-
scribes the low-energy physics of the Kitaev model, to
which it can be mapped exactly at the Luther-Emery
point Kσ = 2 [16, 21]. It supports a gapless phase for
Kσ ≤ 1, and a gapped, topological phase for Kσ > 1. In
the latter, there are two degenerate ground states under
open boundary conditions, labeled by different mutual
parities P = ±1: this is possible since the model exhibit
a Z2 symmetry, which serves as a symmetry protection
mechanism for the quasi-topological phase [47].
In summary, for sufficiently large W/t, the model in
Eq. (1) supports a quasi-topological phase, with gap-
less charge excitations, and decoupled gapped spin-
excitations describing a ground state of a Kitaev model,
thus supporting MQPs. The role of additional, diag-
onal interactions can affect the spin sector [47]: since
Kσ − 1 ' −(W + U), attractive interactions further sta-
bilize the quasi-topological phase, while repulsive inter-
actions require larger values of W to open a gap in the
spin sector. Equipped with the guideline provided by
the low-energy field theory, we present in the following a
non-perturbative analysis of the model based on numer-
ical simulations.
DMRG results. – In order to demonstrate the ex-
istence of a symmetry-protected quasi-topological phase
supporting MQPs as edge modes, we employ DMRG sim-
ulations based on a rather general decimation prescrip-
tion for an efficient truncation of the Hilbert space. Typ-
ically, we use up to m = 140 states, which ensure con-
verge on all observables of interest over all parameter
regimes [47]. Following the theoretical discussion above,
our analysis is based on four observables: (i) degeneracies
in the entanglement spectrum; (ii) finite-size scaling of
energy gaps; (iii) bulk decay of correlation functions; and
(iv) edge-to-edge correlations. For convenience, we set
t = 1 as energy unit.
Given the reduced density matrix ρ` with respect of
a bipartition of the system cutting the `-th link of the
lattice, the entanglement spectrum is the collection of
its eigenvalues {λα}, and is known to provide striking
signatures of topological order via degeneracies [48, 49].
In Fig. 1c, we show typical results for the entanglement
spectrum in the quasi-topological phase at the represent-
ative point W = −8, αR = b = 4, U = 0 (these features
are stable in a broad parameter range [45]). Indeed, the
low-lying spectrum displays robust degeneracies for both
n = N/4L = 1/4 and n = 1/6 (with N and L total num-
bers of particles and sites, respectively), as expected for
a topological phase supporting MQPs edge modes.
In Fig. 2a, we show the decay of the fixed parity gap
with open boundary conditions (OBCs), defined as:
∆n = E
1
L[N,P ]− E0L[N,P ] (7)
where EnL[N,P ] denotes the n-lowest-energy state at size
L with number of particles N and mutual parity P . The
ground state, with energy E0L[N,P ], is always in the
P = 1 sector. In the quasi-topological phase, this gap
should decay algebraically due to the presence of a gap-
less charge excitation. This is confirmed by the DMRG
results, as shown in Fig. 2a. Instead, the parity gap:
∆P = E
0
L[N,−1]− E0L[N, 1] (8)
is sensitive exclusively to spin excitations. As such, it
closes exponentially with the system size L, exactly as in
the Kitaev chain, as shown in Fig. 2b.
The presence of a finite bulk gap in the spin sector is
signalled by an exponential decay of the Green functions,
e.g. G(j, `) = 〈c†j,↑,1c`,↑,1〉, in the bulk [44]. This is por-
trait in Fig. 2c, which shows that coherence is rapidly
lost as a function of distance in the bulk.
Crucially, the Green functions are also sensitive to the
presence of MQPs edge modes, as these operators loc-
ally switch parity. In Fig. 2d, we show the correlation
of one boundary site with the rest of the chain, G(1, `).
While the correlation rapidly decays in the bulk due to
the presence of a spin gap, there is a strong revival close
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Figure 3. DMRG analysis for the adiabatic continuity of
model H to an exactly solvable model. (a) Parity gap “αsp”
along the adiabatic continuity path (β = 0, λ = 9/10)→ (β =
1, λ = 1). Inset illustrates the Hamiltonian parameters varied
along the path. (b) Single particle edge correlations along the
adiabatic path - similar behavior follows for n = 1/6. In all
plots we consider a system with L = 48 sites and use m = 140
number of kept states in the DMRG simulations.
to the edge of the system, signalling the presence of MQP
edge modes. We note that the edge-edge correlation is
considerably stronger for filling fractions away from com-
mensurate densities, where the presence of additional (al-
beit irrelevant) operators is expected to slightly degrade
the edge modes, as observed in the Kitaev wire in the
presence of repulsive interactions [46, 50].
Adiabatic continuity of the ground state to an exactly-
solvable point. – Remarkably, it is possible to provide
direct evidence for the MQP nature of the edge states
by showing how the quasi-topological phase discussed
above is adiabatically connected to toy model of spin-
less fermions with exactly solvable ground state prop-
erties [19, 20], where Ising anyon braiding was recently
demonstrated [20].
The strategy to show adiabatic continuity, discussed in
detail in Ref. [47], consists of three steps. First, for each
pair of states coupled by spin-orbit coupling, we restrict
the dynamics to the lower band, following a procedure
introduced in Ref. [38, 51]. Then, coupling between the
lowest bands is introduced via the spin-exchange inter-
action, and additional four-Fermi couplings. This en-
larged Hamiltonian is characterized by two parameters
(β, λ): the point (0, 0.9) represent the model studied in
the previous section, while the points (1, 0.9) and (1, 1)
represents two points in the phase diagram of the exactly
solvable model [19]. We note that all symmetries of the
problem are kept for arbitrary (β, λ).
Within this enlarged parameter space, we have car-
ried out DMRG simulations to show that the gap in
the spin sector does not close. The latter was extrac-
ted from the decay of the Green function in the bulk,
G(j, `) ' e−αsp|j−`|, and is depicted in Fig. 3a. Along
the full path in parameter space, the gap stays open, im-
plying that out quasi-topological state is the same phase
as in Ref. [19]. Another striking signature of adiabatic
continuity is the fact that all diagnostics applied before
signal topological order all along the path. This is il-
lustrated in Fig. 3b, where we plot the edge-edge Green
function at several points along the path itself.
Realization using alkaline-earth-like atoms in optical
lattices. - The model discussed above finds a natural
implementation using fermionic isotopes of AEA in op-
tical lattices [25], such as 171Yb, 173Yb, and 87Sr. As
illustrated in Fig. 1, the orbital degree of freedom is en-
coded in the electronic state: the 1S0 ground state mani-
fold representing p = −1, and the long-lived excited state
manifold 3P0 representing p = 1. The spin degree of free-
dom is instead encoded in the nuclear spin state, which
for AEA is basically decoupled from the electronic degree
of freedom for both ground and low-lying excited states.
In 171Yb, the nuclear spin is I = 1/2, so all degrees
of freedom are immediately available as required here.
For 173Yb and 87Sr, which do have I = 5/2 and 9/2, re-
spectively, unwanted Zeeman states can be excluded from
the dynamics either employing state-dependent light-
shifts [30], or by exploiting the fact that the clock fre-
quency is mF -dependent due to different linear Zeeman
shifts in the 1S0 and 3P0 manifold.
The two key elements of our proposal, large spin-
exchange interactions and spin-orbit couplings on the so-
called clock transition, build upon state-of-the-art exper-
imental progresses in AEA physics. As demonstrated in
recent experiments with 173Yb [32, 33], the spin-exchange
interaction in these settings can be extremely large, of the
order of 5/10 kHz in optical lattices, guaranteeing that
the driven interaction strength in our system is consid-
erably larger than typical temperatures. Moreover, the
ratio W/t can be tuned via modifying either the optical
lattice depth or the trapping in the transverse direction.
Spin-orbit coupling between ground and excited states
has been recently demonstrated both at JILA [36] and at
LENS [35] realizing single-particle band structures akin
to the one employed here, albeit with slightly different
microscopic Hamiltonians (following Ref. [38], the pre-
cise form we use here requires a tilting of the lattice or a
superlattice structure). In concrete, considering typical
tunneling rates of order t ' 100h Hz, spin-orbit coup-
lings of order 400h Hz and spin-exchange interactions
of order 800h Hz would give direct access to the quasi-
topological phase. In these experimental settings, the
quasi-topological phase can be characterized using both
correlation function and spectral properties, as discussed
above. The nature of the edge modes can be demon-
strated using a variety of techniques [52]. In particular,
time-of-flight imaging and edge spectroscopy can be used
to demonstrate the existence of zero-energy modes and
their inherent correlations. Moreover, the fact that our
model is adiabatically connected to an exactly-solvable
point provides a qualitative guidance on the shape of the
MQP wave-function - generically hard to analytically ac-
cess in interacting systems -, opening up a concrete per-
spective to realize braiding operations in such settings.
5Conclusions. - We have shown how Majorana quasi-
particles can emerge as edge modes of orbital Hubbard
models in the presence of spin-orbit interactions. The key
element for the realization of the quasi-topological phase
supporting them is angular momentum conservation, an
epitome building block of atomic physics experiments.
The stability of the mechanism we propose paves the
way toward the investigation of interacting topological
states and Majorana edge modes in both atomic clocks
and optical lattice experiments, where the main ingredi-
ents of our proposal are naturally realized and have been
experimentally demonstrated over the last two years.
Acknowledgement. - We acknowledge useful dis-
cussions with M. A. Baranov, J. Catani, D. Rossini,
and C. Sias. This work is partly supported by EU-IP-
QUIC (R. F.), the ERC Synergy grant UQUAM (P. Z.),
and the ERC Consolidator grant TOPSIM (L. F.).
L. M. was supported by LabEX ENS-ICFP: ANR-10-
LABX-0010/ANR-10-IDEX-0001-02 PSL*. The numer-
ical part of this work has been performed using the
DMRG code released within the ‘Powder with Power‘
project (http://qti.sns.it/dmrg/home.html). This work
was granted access to the HPC resources of MesoPSL
financed by the Region Ile de France and the project
Equip@Meso (reference ANR-10-EQPX-29-01).
Note added. While completing this work, a pre-print
appeared [53], where the commensurate regime of a
model combining spin-exchange interactions with a dif-
ferent type of spin-orbit coupling was investigated.
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7Supplemental Material for:
Majorana Quasi-Particles Protected by Z2 Angular Momentum Conservation
In this Supplemental Material we provide additional information on the low-energy field theory, on the adiabatic
continuity to a model with exactly solvable ground state properties, and on the numerical simulations.
LOW-ENERGY FIELD THEORY
Here, we discuss a bosonization approach to address the low-energy physics of H. In principle, it is possible to
employ as a starting point either Ht, or Ht +HSO: in both cases, the topological phase discussed in the main text is
found. In the following, we follow the former approach, which has the advantage of providing a simpler description of
the effects of the diagonal interaction on the stability of the phase.
We first replace the fermionic operators with right and left-movers:
cj,α,p = ψα,p;R(x = ja) + ψα,p;L(x = ja) (S1)
where a is the lattice spacing, and then introduce the conventional bosonization representation:
ψα,p;r(x) =
ηα,p;r√
2pia
eirkF,α,pxe−i(rϕα,p−ϑα,p) (S2)
with r = (−1, 1) for L/R, and (ϕα,p, ϑα,p) being conjugated bosonic operators describing density and phase fluctu-
ations, respectively, and ηα,p;r are Klein factors (neglected in the following, they play a similar role as in Ref. [2]).
For our purposes, it would be useful to consider the generic form of the operators including all harmonics, i.e.:
ψα,p;r(x) =
ηα,p;r√
2pia
eiϑα,p
∑
q
eirqkF,α,pxe−iqrϕα,p (S3)
We take as our starting point Ht. For convenience, we introduce two independent sector f = −1, 1, with two pair of
symmetric and antisymmetric fields, ϕf,S/A = (ϕ↑,f ± ϕ↓,f )/
√
2. In each of these two sectors, the low-energy physics
is described by the conventional theory of spin-orbit coupled gases, given by
Hf =
∑
Z=S,A
vZ
2
∫
dx
[
(∂xϕf,Z)
2
Kf,Z
+Kf,Z(∂xϑf,Z)
2
]
+
+ gSO
∫
dx cos[
√
2pi(ϑf,A + κϕf,S)] (S4)
where the Luttinger parameters are all set to 1, and κ denotes the first harmonic commensurate with spin orbit
coupling, which is a function of kF .
After defining new fields,
ϕf,I = (κϕf,S + ϑf,A)/
√
2κ, ϑf,I = (ϑf,S + κϕf,A)/
√
2κ (S5)
and
ϕf,II = (κϕf,S − ϑf,A)/
√
2κ, ϑf,II = (ϑf,S − κϕf,A)/
√
2 (S6)
one can infer from Eq. S4 that the ϕf,I are gapped by the cosine terms, while the ϕf,II remain gapless. In this regime,
we can define collective charge and spin fields:
ϑρ =
ϑ1,II + ϑ−1,II√
2
, ϑσ =
ϑ1,II − ϑ−1,II√
2
(S7)
whose physics is, in the absence of interactions, described by two decoupled Tomonaga-Luttinger liquids (TLLs). In
8this basis, the spin-exchange term reads:
HW,j 'W
∫
dx
[
ei
√
2piϑ1,S
∑
q
sin(
√
2piqϕ1,A)
]
×
[
e−i
√
2piϑ−1,A
∑
q
sin(
√
2piqϕ−1,S)
]
+ h.c.
≡W
∫
dxei
√
2pi(ϑ1,S−κϕ1,A)e−i
√
2pi(ϑ−1,A−κϕ−1,S) + h.c. + ....
= W
∫
dxei
√
4piϑ1,IIe−i
√
4piϑ−1,I + h.c. + ....
'W
∫
dx cos
[√
8piϑσ
]
. (S8)
where at each stage, the dots indicate the same contributions which are either oscillating, or contain fields which are
gapped away from the dynamics, and thus can be neglected. The free Hamiltonian reads:
Hfree =
∑
f
vII
2
∫
dx
[
(∂xϕf,II)
2
Kf,II
+Kf,II(∂xϑf,II)
2
]
=
=
vρ
2
∫
dx
[
(∂xϕρ)
2
Kρ
+Kρ(∂xϑρ)
2
]
+
vσ
2
∫
dx
[
(∂xϕσ)
2
Kσ
+Kσ(∂xϑσ)
2
]
(S9)
with:
vIIKII =
vS + vA/κ
2
2
, vII/KII =
vS + vAκ
2
2
, (S10)
which implies:
vρKρ =
vS + vA/κ
2
2
, vρ/Kρ =
vS + vAκ
2
2
, (S11)
vσKσ =
vS + vA/κ
2
2
, vσ/Kσ =
vS + vAκ
2
2
, (S12)
For the spin sector, the spin Luttinger parameter is:
Kfreeσ =
√
1 + vA/vS
1 + vAκ4/vS
(S13)
which implies that, since κ > 1, the Luttinger parameter gets small for equal velocities. We note here that the scaling
dimension of the spin-exchange operator is:
dW = 2/Kσ (S14)
We remark here that both HW and the diagonal interactions can be used to drastically enhance Kσ. In particular,
one has:
Kσ = K
free
σ − a1W − a2U (S15)
with a1, a2 being non-universal, positive prefactors which depend on κ, αR, b.
In summary, the charge sector remains gapless (away from commensurability points which can introduce additional
umklapp terms), while the spin sector is described by the same low-energy field theory of the Kitaev chain. In the
bosonized language, the relevance of the Z2 symmetry is clear: in the absence of it, terms of the form cos(
√
4piϑσ)
would appear at low energies, and immediately spoil the link to the Kitaev chain. Furthermore, at the Luther-Emery
point Kσ = 2, it is possible to re-fermionize the model so that the correspondence is even clearer - see, e.g, Ref. [1, 2]
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Full quantum number labelling
The theory is defined by a pair of quantum numbers:
N = N1 +N2, P = (−1)(N1−N2)/2 = (−1)N1−N/2. (S16)
From the bosonization analysis described above, one expects the following scaling in the topological phase for different
boundary conditions (periodic (PBC) and open (OBC)):
OBC/PBC: Eρ = E(N + 2, P ) + E(N − 2, P )− 2E(N,P ) ' 1/L (S17)
OBC: Eσ = E(N,P )− E(N,−P ) ' e−αL (S18)
PBC: Eσ = E(N,P )− E(N,−P ) ' const. (S19)
where E(N,P ) are the ground state energies at size L in the sector with N number of particles and P mutual parity.
In the main text, we have employed the first two scalings above as characteristic signatures of the topological phase
in our DMRG simulations.
ADIABATIC CONTINUITY TO AN EXACTLY SOLVABLE MODEL
Remarkably, it is possible to provide further evidence for the MQP nature of the edge states by showing how the
quasi-topological phase discussed in the main text is adiabatically connected to an exactly solvable model where
Ising anyon braiding was recently demonstrated [3, 4]. The adiabatic continuity can be studied in the lower band
projected Hamiltonian in the limit of strong spin-orbit coupling. Specifically, we employ below the generalized spin-
orbit coupling introduced in Ref. [5, 6], which allows a straightforward, yet exact projection into the lower band of
each pair of coupled states. In this regime, the non-interacting part of the Hamiltonian,
Hnon =
∑
j
Ht,j +Hso,j ,
=
∑
p
∑
j,α
t(c†j,α,pcj+1,α,p + h.c.) +
∑
j
{
(αR + b)c
†
j,↑,pcj+1,↓,−p + (b− αR)c†j+1,↑,pcj,↓,−p + h.c.
}
=
∑
p
hnon,p (S20)
describes two well separated Bloch bands by a Fourier transformation. Let us focus for simplicity in only one of the
two decoupled parts of the non-interacting Hamiltonian, i.e., a single term “hnon,p”. On Fourier transform we easily
obtain its Bloch Hamiltonian,
hnon,p(k) = d
µ(k)σµ, µ = 0, x, y, z
dµ(k) = 2 (t cos(k), b cos(k), αR sin(k), 0) (S21)
with σµ are the usual Pauli matrices. The band structure and Bloch functions are explicitly given by,
E±(k) = d0 ± |~d|, ~d = (dx, dy, dz)
|u±(k)〉 = P±(k)| ↑〉|P±(k)| ↑〉| , σ
z| ↑〉 = | ↑〉
P±(k) =
1
2
(1± d(k) · σ) , d =
~d
|~d|
(S22)
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Considering that the ordinary hopping term does not influence the Bloch states due to its spin independence, the
effective Hamiltonian in the lower band, at αR = b, is described by a flat band,
hnon,p = 2b
∑
j
[
γ†j,p,+γj,p,+ − γ†j,p,−γj,p,− +H.c.
]
∼ −2b
∑
j
[
γ†j,p,−γj,p,− +H.c.
]
(S23)
with a gap 4b from the upper band, and Bloch states γj,p,± = (cj,↓,−p ± cj+1,↑,p)/
√
2; inversely,
cj,↓,−p =
1√
2
(γj,p,+ + γj,p,−), cj,↑,p =
1√
2
(γj−1,p,+ − γj−1,p,−) (S24)
We notice now that interacting terms, such as spin-exchange interactions, are effectively described in the lower band
picture as pairing interactions (for simplicity of notation we use hereafter the operators ηj ≡ γj,1,− and χj ≡ γj,−1,−
to explicitly represent the lower band subspace),
HW,j = Wex(c
†
j,↑,−1c
†
j,↓,1cj,↓,−1cj,↑,1 + h.c.)
= (Wex/4) (γ
†
j−1,−1,+ − γ†j−1,−1,−)(γ†j,−1,+ + γ†j,−1,−)(γj,1,+ + γj,1,−)(γj−1,1,+ − γj−1,1,−)
∼ (Wex/4) (χ†jχ†j−1ηj−1ηj + h.c.) (S25)
a key element in order to generate MQPs according to previously studied models [2–4].
Within such a lower band picture one may also introduce some additional Hamiltonian terms HlocU,j =
Uloc
∑
p(nj,↑,p + nj,↓,−p)
2, and Hlcso,j = hlcso(c
†
j,↑,1cj,↓,−1 + H.c.)(c
†
j,↑,−1cj,↓,1 + H.c.) describing local diagonal in-
teractions and a local coherent spin-orbit coupling, respectively, in such a way to reproduce the exactly solvable
model Hλ proposed in [3]. Briefly recalling, the model in Ref. [3] is given by,
Hλ
4
= −
L−1∑
j=1,α=χ,η
[
(α†jαj+1+H.c.)−(nαj + nαj+1) +λnαj nαj+1
]
+
−λ
2
L−1∑
j=1
[
(nχj + n
χ
j+1)(n
η
j + n
η
j+1)− (χ†jχj+1 + χ†j+1χj)(η†jηj+1 + η†j+1ηj) + 2 (η†jη†j+1χj+1χj + H.c.)
]
(S26)
where nχj = χ
†
jχj , n
η
j = η
†
jηj . The model has an exactly solvable line at λ = 1, on varying the density of particles,
described by a topological nontrivial ground state. Away from the exactly solvable line the system is topological for
λ < 1, while describing a phase separation (PS) state for λ > 1.
We will now explicitly show that the additional Hamiltonian terms HlocU,j, Hlcso,j with the diagonal and spin-
exchange interactions, HU and HWex , as described in the main text, indeed reproduce the exact solvable model in
their lower band picture.
The diagonal interactions HU,j =
∑
p Upnj,↑,pnj,↓,p + U
∑
α,β nj,α,−1nj,β,1, are described in the lower band at
Up = U as follows,
HU,j = (U/2)
∑
α,p
{
(nj,α,p)
2 − (nj,α,p)
}
∼ U
4
[(
nχj n
χ
j−1 + n
η
jn
η
j−1
)
+
(
nχj + n
χ
j−1
) (
nηj + n
η
j−1
)]
(S27)
The two additional Hamiltonian terms are described in the lower band as,
HlocU,j =
Uloc
4
(nχj + n
χ
j−1 + n
η
j + n
η
j−1) +
Uloc
2
(nχj n
χ
j−1 + n
η
jn
η
j−1) (S28)
Hcso,j ∼ hcso
4
(χ†jχj−1 +H.c.)(η
†
jηj−1 +H.c.) (S29)
Thus, one can see by Eqs.(S25),(S27),(S28) that the total Hamiltonian, H =
∑
j(Hso,j + Ht,j + HU,j + HW,j +
Hlcso,j +HlocU,j), in the lower band picture (αR = b other terms), describes the exactly solvable model (Eq.(S26))
with: Wex/t = −4λ, Up = U = 2Uloc = −2λt, and hclso/t = 2λ.
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Figure S1. Numerical convergence for different observables increasing the number of kept states m employed in the DMRG
simulations, for model Hˆ with L = 40 sites, at fixed parity, with filling ν = 1/4 and parameters W = −8t, αR = b = 4t, U = 0.
We see that all observables - edge correlations G(1, L), maximum entanglement spectrum eigenvalue λmax, and ground state
energy eg - present an exponentially decaying numerical error with the number of kept states m.
DMRG results on the adiabatic continuity. - We perform our DRMG analysis for the adiabatic continuity in two
steps: i) first connect our initial physical Hamiltonian with αR = b = 8t, Wex/t = −8, Up = U = Uloc = hclso = 0
to the model Hˆλ at λ = 0.9; ii) connect Hˆλ from λ = 0.9 to the exactly solvable line λ = 1 . We choose to perform
the adiabatic continuity in such two steps in order to avoid possible phase transitions along the path to the exactly
solvable line λ = 1. The total Hamiltonian is thus parametrized by Hˆ(β,λ) as follows:
Wex/t = (−8 + 4.4β) (λ/0.9)
Up/t = U/t = 2Uloc/t = −2βλ (S30)
hclso/t = 2βλ
where (β = 0, λ = 0.9) → (1, 0.9) describes the first step, and (1, 0.9) → (1, 1) the second one. Our results are
presented in Fig. 3a of the main text, where we show that the parity gap “αsp”, computed from the exponential
scaling of the Green functions in the bulk (G(j, `) ∼ e−αsp|j−`|), does not close along the adiabatic path. In Fig. 3b
we see the persistence of edge-edge correlations along the path. It was also verified that the entanglement spectrum
degeneracy is kept for all parameters. Finally, as expected, for λ > 1 all of these topological properties are absent,
and one observes a PS state (not shown).
CONVERGENCE OF THE NUMERICAL SIMULATIONS
In this section we briefly present the analysis for the numerical accuracy of our results. We employ state-of-the-art
DMRG simulations based on a rather general decimation prescription for an efficient truncation of the Hilbert space.
Typically, we observed that using m ∼ 180 states in the DRMG simulations, already ensure negligible truncation
errors for the observables under analysis.
In Fig. (S1) we see the convergence of some observables with the number of kept states “m” in the DMRG simulations;
in particular, we focus on the edge correlations G(1, L), the maximum entanglement spectrum eigenvalue λmax, and
for the ground state energy eg. We notice that the numerical errors on the observables are small (even negligible),
and decay exponentially with the number of kept states m, ensuring a high fidelity for our results.
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